PACIFIC JOURNAL OF MATHEMATICS Vol. 79, No. 2, 1878 A NOTE ON A CONJECTURE OF HECKE ARNOLD PIZER In 1940 Hecke made a conjecture concerning the representation of modular forms of weight 2 on Γ 0 (p),p a prime, by theta series. In this note we show that this conjecture is true if and only if p< 37 or p = 41,47,59, or 71. We also propose a modified version of the conjecture which we have tested quite extensively. !• Introduction* Hecke's conjecture (see [7] , Satz 53 p. 884) states that a certain explicit set of theta series coming from quaternion algebras can be used to give a basis for the space of cusp forms of weight 2 on Γ 0 (p). Eichler knew in 1956 that Hecke's conjecture did not hold in general (see [3] , p. 169). However, since there has been quite a bit of confusion on this point (see [5], p. 138 and [6] , p. 148-9), we think it is worthwhile to reconsider the conjecture. More importantly, in Question 3.6 below, we propose a modified version of Hecke's conjecture which we have tested quite extensively on a computer.
Fix a prime p and let Sΐ denote the (unique definite) quaternion division algebra over Q, the field of rational numbers, ramified precisely at p and oo. Let & be a maximal order of δί and let / be a left ^-ideal (see [5] , Ch. 2 or [11] ). We define the theta series 0j(τ), determined by /, by (1) θj(r) = Σ e 2πiτN{z)lN{I) zei where N( ) denotes the reduced norm of Sί and N(I) is the positive rational number that generates the fractional ideal of Q generated by {N{a) | a e I}. It is well known (see e.g., [5] ) that β z (τ) is a modular form of weight 2 on Γ 0 (p). Let us denote by S k (Γ Q (p) ) the space of cusp forms of weight k on Γ 0 (p).
Let & be a maximal order of Sϊ and let I l9 , I H be a complete set of representatives of the distinct left ^-ideal classes (we say two left ^-ideals / and J belong to the same class if and only if I = Ja for some a e SΓ). It is well known that H = H py the class number, is finite and independent of the particular maximal order we choose (see [5] and [11] ). Given two theta series θ x (τ) and θj(τ), I and / left ^-ideals, then Θj(r) -θj(τ) is a cusp form (see Siegel [15] (Γ 0 (p) ) (see [14] [7] , p. 884) is that ( 2 ) the theta series in any one column of the matrix Θ are linearly independent and hence they generate the space of cusp forms of weight 2 on Γ Q (p) plus a 1 dimensional space of noncusp forms. Note that we can write Θ = {Θ ίά {τ)) -Xϊ =0 B{n)e 2πίnr with Hx Hrational (in fact integral if n > 0) matrices B(n).
The Bin) are the Brandt Matrices and they give the action of the Hecke operators T(n), (n, p) = 1 on the θ tj (τ) (see [5] , p. 138). As any maximal order is isomorphic (i.e., conjugate) to some ^ (see Lemma 2.1 below) and as the theta series corresponding to a maximal order depend only on the isomorphism class of that order (see Lemma 2.7 below), we see that all our versions of Hecke's conjecture are equivalent.
In 1956 Eichler [3] proved that if one diagonalizes the matrix θ (i.e., if one simultaneously diagonalizes the B(n)), then one of the resulting diagonal entries of the diagonalized matrix will be the zeta function of the algrebra §ί (and hence not a cusp form) and the remaining H -1 diagonal entries will be cusp forms (in fact eigen forms for all Tin), (n, p) = 1) and give a basis for S 2 (Γ Q (p) ). Hence at least in spirit, if not in fact, Hecke's conjecture is true for Γ 0 (p). Eichler's results have now been generalized to the case of cusp forms of weight k ;> 2 on Γ 0 (M), M not a perfect square by Eichler [5] , Hijikata-Saito [8] , and Pizer [10] . In essence these generalizations show that all new forms of weight k ^ 2 on Γ 0 (M), M not a square, can be obtained from (generalized if k > 2) theta series attached to orders of "level" M in a rational quaternion algebra.
However, Hecke's original conjecture (2) is still of some interest. In fact there seems to have been some confusion as to whether Eichler's results established the original conjecture (see [5], p. 138 and [6] , p. 148-9 and also [13] , p. 139) but as Eichler knew (see [3] , p. 169) they do not. We give below two easy proofs that the conjecture can not hold in general and then ask if a modified version of Hecke's conjecture might be true.
2* Arithmetic of quaternion algebras* We state in a series of lemmas those results from the arithmetic of quaternion algebras that we require. Most are well known and easy to prove. We refer to references for most of the proofs. The reference Eichler [2] or [5] will usually provide a proof in the case at hand and the reference Pizer [11] will usually give the generalization of the result needed to consider the case Γ 0 (M), M not a perfect square. In this section we fix a prime p and a quaternion algebra δί/Q ramified precisely at p and oo. It is clear that if we fix έ? the set of two-sided ^-ideals forms a group. If / and J are two sided ^-ideals and / = Ja, a e W, then έ? -a~x&a as I and Ja have the same right order and thus έ7a is also a two-sided ^-ideal. Hence we can consider the ideal class group of two-sided ^-ideals, i.e., the group of all two-sided ^-ideals module principal two-sided ^-ideals. LEMMA 1/2 log (p) and for these we verify (e) directly using (a) and (b).
(f) Obvious from (c) and (d).
(g) Clear from (c). LEMMA 
Let I be a left ^-ideal and let a, be ST. Then Θ aIb (τ) = 6> z (τ).
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A NOTE ON A CONJECTURE OF HECKE 545 Σ zealb 3* Hecke's conjecture* Fix a prime p and a definite quaternion division algebra ramified precisely at p and <χ>. PROPOSITION 
Let & be a maximal order of 3ί with no nonprincipal two-sided ideals. Let I lf , I H , H = H p be a complete set of representatives of the distinct left έ?-ideal classes. Then at most T = T p of the theta series
Proof. By Lemma 2.7, the set of theta series θ Iχ (τ) 9 •••, θ lH (τ) is independent of the particular set of ideal class representatives we choose. Thus let I l9 I γ J l9 ••-,!,., I r J r , 7 r+1 , , I T be a set of ideal class representatatives as in Lemma 2.5. Here J* is a nonprincipal two-
Then J-I^ = 1^ and J is a two-sided ^-ideal, hence principal, i.e., J\ = α^ for some αeSΓ. Thus θ 7iJi (r) = θ Jί7t (r) = Θ aI .(τ) = β 7 .(τ) by Lemma 2.7 and hence at most T of the theta series can be distinct. Proof, (i) ==> (ii): immediate from Lemma 3.6, part / and Proposition 3.1.
(ii) ==> (iii): this is e of Lemma 2.6. (iii) ==> (i): we have developed a computer algorithm for generating the Brandt Matrices (see [12] ). Direct verification shows that Hecke's conjecture holds for p < 37 and p = 41, 47, 57, and 71. Note that Hecke himself checked this for p < 37 (and also supposedly for p = 37), see [7] , p. 884.
We (Γ 0 (p) ). But the fact that this is not true in general follows from the existence of formulas which give the dimension of the -1 and +1 eigen spaces of E on S 2 (Γ 0 (p)) (see [1] ). REMARK 3.4. As mentioned above we have developed an algorithm for generating the Brandt Matrices B(n) in the case S 2 (Γ 0 (M)), M not a perfect square. Looking at some computations gave many counter examples to Hecke's original conjecture and led very quickly to our results and also to the modified Hecke conjecture given below. We will publish an outline of the algorithm in the future (see [12] ). REMARK 3.5. In all our computations the following has been observed. If the maximal order έ? has a nonprincipal two-sided ideal (hence Proposition 3.1 does not apply), the H theta series θ Tl (τ), • *,θ lH (τ) have always been linearly independent. Here I l9 •••,/# are representatives of the left ^-ideal classes. If all the two-sided -ideals are principal (hence Proposition 3.1 does apply), the number of linearly independent theta series among the θ Zi (τ) 9 m ',Θ lH (τ) has always been T. That is the failure of Hecke's conjecture in all our examples has been completely explained by Proposition 3.1. This raises the obvious.
Question 3.6. Is the following modified version of Hecke's conjecture valid? Let έ? be a maximal order in a quaternion algebra 21 over Q ramified precisely at p and °o. Let I 19 I H be a complete set of representatives for the distinct left ^-ideal classes and let Θiffl* ''' f ®i H ( τ ϊ b e *^e corresponding theta series. If #* has nonprincipal two-sided ideals (i.e., if the "prime ideal" of έ? lying above p is nonprincipal), are the Θ 7l (τ), •••, θ lH (τ) always linearly independent? Further, if all two-sided ^-ideals are principal, are T (the type number) of the θ Zl (τ) 9 •• ,6> Z// (τ) always linearly independent? REMARK 3.7. All our results have immediate analogues in the case Γ Q (M), M not a perfect square. The arithmetic of quaternion algebras necessary to carry over these analogues is given in [11] . It should be noted that in general for Γ 0 (M) it may happen that for all orders 6? of "level jkf" in a fixed quaternion algebra Sί the theta series Θ 7l (r), •••, θ lH (τ) The Supporting Institutions listed above contribute to the cost of publication of this Journal, but they are not owners or publishers and have no responsibility for its content or policies.
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